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A comprehensive investigation of the effect of initial deviation
from flatness on buckling stress and post-buckling strength of com-
pression elements in structural plate members is presented. The study
of stiffened and unstiffened elements expands the scope of elastic
stability for initially curved plates. Finite element techniques were
utilized for the study of unstiffened elements.
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1I. INTRODUCTION
A. Origin of Problem
The 1968 Edition of the Specification for the Design of Cold-Formed
Steel Structural Members and Addendum No. 1 published by the American
Iron and Steel Institute (AISI)(l,2) prescribe the material that can be
utilized under this Specification. Both material properties and
dimensions of cross sections are limited by the scope of the research
on which the Specification is based. Included in Section 1.2 of the
Specification are steel sheets and strip with the following ASTM De-
signations: A245, A374, A375, A446, A570, A606, A607, and A6ll (3,4,5,
6,7,8,9,10). This assures that such properties as ductility, weldabil-
ity, and suitability are consistent with Specification requirements.
Also in the AISI Specification, thickness limitations are set at no
greater than one-half inch. This upper limit was instituted because
the research that has been performed, on which the Specification is
based, was carried out on relatively thin steel sheet or strip. These
thicknesses usually ranged from 0.03 to 0.10 inch in the Cornell
projects with a small amount of work conducted on specimens as thick
as one-quarter inch (11). However, in recent years, plates as thick
as 2-1/2 inches have been used for some cold-work studies at the
Applied Research Laboratories of the United States Steel Corporation
(12).
There~ several reasons for using the thinner sheets rather than
thicker plates in the previous investigations. First, the thinner
sheets are actually used more often in cold-formed steel construction
2than the thicker sheets and plates. Second, because the larger sections
cost more to fabricate and in some cases a proper machine for fabri-
cation was not available, the use of thicker sections was not prac-
tical. Third, in view of the fact that the behavior of structural
members depends mainly on material properties and dimensional ratios,
not necessarily on absolute thickness, the results obtained from the
small sections were also assumed representative of the larger sections.
In the past several years, members as thick as 3/4 inch have been
successfully cold-formed for structural purposes (13). Such struc-
tural applications as truck and car body frames, electrical transmission
poles, and heavy construction equipment framing have used the thicker
material. With the cold-forming of more and more thicker sections, a
specification is needed to cover this larger range of thicknesses.
For this reason, a research project was initiated in September 1971
at the University of Missouri-Rolla under the sponsorship of the
American Iron and Steel Institute to study the effect of thickness on
design requirements.
Probably the most important subjects were in the areas of local
buckling and post-buckling strength of plate elements, connection
design, the utilization of co1d-work~ and plastic design. These
subjects reflect certain overlapping requirements of the AISI and
AISC (American Institute of Steel Construction) Design Specifications
(1,14).
One parameter governing local buckling and post buckling strength
which might be affected by the thickness of the base metal is the
initial deviation from flatness of the compression elements. Initial
3deviation from flatness will be considered to take two forms. Shown
in Figure 1 is the initial curvature which will reduce the buckling
load of the element. The curvature in the longitudinal direction is
dominant and reduces the stiffness of the element. Shown in Figure 2
is the initial curvature in the transverse direction. For the critical
condition, this type of curvature can be neglected since it increases
the buckling load of the element.
B. Purpose of Investigation
The purpose of this investigation is to study the effect of initial
deviation from flatness on local buckling and post-buckling strength
of stiffened and unstiffened compression elements. Based on analytical
investigation and study of existing work, both qualita~ive and quanti-
tative trends are sought for this relationship. The suitability of
using the present AISI requirements for local buckling and post-
buckling strength of thick sheets and plates are examined in detail.
The design requirements presently included in the AISI Specifica-
tion for the buckling and post-buckling strength of flat plates are
based on theoretical values supplemented by test results of George
Winter at Cornell University (15,16,17) and other investigators
(18,19,20). As stated previously, these tests were made on relatively
thin material. By determining the interlocking relationships between
base metal thickness, initial curvature, and buckling and post-buckling
strength, the validity of using the existing test results as a basis
for design criteria can be evaluated.
4c. Scope of Investigation
This study includes an analytical investigation of the effect of
initial deviation from flatness on the buckling and post-buckling
strength of compression elements. As an initial stept available publi-
cations were reviewed in detail. Chapter II consists of a summary
of the literature review. It is divided into a general review of the
strength of thin plates in compression and the effect of initial devia-
tion from flatness in particular.
The local buckling and post-buckling of compression elements
with initial curvature are discussed in Chapters III and IV.
Finally, Chapter V summarizes the results of this investigation
and presents the conclusions derived from this study. The possible
impact on design criteria, and recommendations for further study are
also included.
The study of the other areas possibly affected by hase metal
thickness, such as connection design, utilization of cold-work, and
plastic design, is beyond the scope of this study.
5II. REVIEW OF LITERATURE
A. Introduction
There are a large number of publications which cover the strength
of thin plates. Classic solutions for initial buckling of compression
elements used "small deflection" theory and are presented in Section B
of this chapter.
More extensive work is presented in Section C. The "large-
deflection" theory was used to investigate the post-buckling strength.
Experimental findings are also presented in this section.
Section D presents a comprehensive review of analytical solutions
considering the effect of ~nitial deviation from flatness on the
buckling strength of compression elements.
B. Local Buckling of Compression Elements
The classic solution for initial buckling of compression elements
has been considered by numerous investigators (21,22). Using "small
deflection" theory, either a differential equation approach or an
energy approach may be used. In these approaches, deflections are
assumed to be small relative to the thickness of the plate. Membrane
stresses developed stay within the elastic range.
This type of approach may be utilized for solving different types
of compression elements for their initial buckling load. Timoshenko
has presented a rigorous solution for several different types of com-
pression elements, including various shapes of p]atE's and boundary
conditions (21).
In a thin walled structural member, the ~solated compression
element has some degree of rotational restraint dlon~ its supported
6edges. This condition is somewhere between totally fixed and pinned.
However, for design purposes the simple supported condition is
often used to determine the buckling load, for three reasons: 1) the
assumption of simple supports is conservative, 2) the degree of rota-
tional restraint provided by the adjacent element would be difficult
to measure, and 3) any rotational restraint may be insignificant
for thin sections.
Based on the reasons outlined above, the analytical portion of
this study will be limited to rectangular elements with three or four
sides simply supported. Uniaxial compression is applied to the trans-
verse edges, both simply supported.
In this study, the definitions of stiffened and unstiffened com-
pression elements are adopted from the AISI Specification (1). The
stiffened element is a flat element of which both longitudinal edges
are simply supported. The unstiffened element is a flat element which
is simply supported along one longitudinal edge with the other
longitudinal edge free.
The experimental work reviewed in this study was obtained from
structural members, rather than individual plates. For these tests,
some rotational restraint was present and influenced the results.
This might be taken into account for comparison with ~nalytical results.
The solution of the initial buckling load for both stiffened and
unstiffened elements is basic. Because both types of compression
elements utilize small deflection theory, they have the same governing
equations. Only boundary conditions and the assumed deflected shape
7vary. The following discussion deals with the details of the theoreti-
cal treatments.
Unstiffened Compression Elements
The buckling stress of unstiffened compression elements can be
determined by the differential equation originally derived by Saint
Venant in 1883 (23):
where
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D = the plate flexural rigidity, Et3/12(1-~2)
q = the lateral uniform load applied to the plate
t = the thickness of the plate
w = the lateral deflection of the plate
0x,Oy = stress components normal to the edges of the plate
and lying in the x-y plane
T = the shear stress component on the edges of the plate
xy
in the x-z and y-z planes.
The plate configuration for Equation 2.1 is illustrated in Figure 3
with coordinates and stress components.





The sign in front of the cr term is changed to indicate that
x
the plate is subjected to a compressive load in the x-direction.
Timoshenko (21) assumed that the plate buckled in m half sine waves
conforming to the following equation:
8
w f(y) ~ m7TxS1n --
a
(2.3)
Where a = the length of the plate
f(y) = a function of y alone
Equation 2.3 satisfies the boundary conditions along the simply
supported edges x=O and x-a:
-[
w = 0
at x = O,a (2.4)2 a2wa w + 11 -- = 0
ax2 ay2
From Equations 2.2 and 2.3, one can obtain the following expression:
4 4
m Tf mTIX
-- f sin4 a
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If D is substituted for d/dy in Equation 2.5 and the expression isy
rearranged, the following is the resulting equation:
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The substitution of a and S into Equation 2.6 yields the following
expression:
or [(D + a)(D - a)(D2 + S2)]f = 0y y y
(2.9)
(2.10)
The general solution for the differential Equation 2.10 is:
(2.11)
By inspecting the boundary conditions along y=O,w given in Equations
2.12 and 2.13, it can be seen that in Equation 2.l~Cl = -C2 and
C3 = o.
(a) At y=O
2 a2wo , a w + 0w = - 1.1 --=
ay2 ax2
(b) At y=w









Assuming A = 2C1 and B = Cl and changing the e functions to hyperbolic
functions, Equation 2.11 becomes:
f(y) = A sinh ay + B sin Sy
By substituting expressions 2.3 and 2.15 for wand f(y) into
10
(2.15)
Equations 2.13 and 2.14, the following two simultaneous equations can
be found:
2 22. 2 22
A(a. - II m 7T2) sinh a.w - B«(3 + II m ~ ) sin (3w
a a
o (2.16)
2 2 2 2
Aa.[a.2-(2-11) m ~ ] cosh a.w - B(3[(32+(2-11) m ~ ] cos (3w 0
a a
(2.17)
These two simultaneous equations are satisfied if A=B=O, which would
result in no lateral deflection. The equations are also satisfied
if the determinate of the coefficients of the unknowns A and B is
zero, i.e.
2 2 2 2
(a.2 - II m ~ ) sinh a.w(3[(32+(2-11) m ~ ] cos (3w
a a
2 2 2 2
_«(32 + II m ~ ) sin (3wa.[a.2-(2-11) m ~ ] cosh a.w
a a
o (2.18)
By rearranging some of the terms, Equation 2.18 can be simplified
as follows:
2 2 2 2
(a. 2 _ II m ~ ) tanh a.w - «(3 + II m ; )2 tan (3w
a a
o (2.19)
By defining plate dimensions and material properties, Equations 2.7,
2.8, and 2.19 can be used to determine the critical buckling stress,
(J
cr








Because of the difficulty in solving Equation 2.19, Bulson (22) has
used a computer solution. His results are shown as a solid curve in
Figure 4. Unlike the stiffened plate, the unstiffened plate does not
take the "Garland" form as described in reference 22. The plate should
buckle in a single half sine wave regardless of the length to width
ratio. Both Timoshenko and Bulson have presented an energy solution
which is close to the exact solution. The coefficient K was found
to be
2




This solution is shown as a dashed curve in Figure 4 for the purpose
of comparison.
Stiffened Compression Elements
The same governing Equation 2.2 can be used for stiffened plates,
the only difference being the assumed deflected shape. The equation
conforming to the buckled shape of a stiffened plate is:
uJ = fey) • m7TXS1n --
a
(2.22)
where f(y) = Al cosh ay + AZ sinh ay + A3 cos Sy + A4 sin By. Bulson
(22) has solved these differential equations and obtained the following
solution: '
12
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2
p [m; (Ik + ;)] 1/2
2
ql = [m; (Ik - ;f/2
2 2 2 2
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The solution can be expressed in the following form of a relationship
between K and ¢:
K = 1- + <1>2 + 2 (2.28)
¢2
Figure 5 shows this relationship plotted for several ¢ ratios. This
type of relationship is known as the Garland form. As can be seen,
the minimum K factor is 4.0 and occurs when ¢ is an integer. For long
plates <p -= m, consequently the mode is changed each time when the ¢
ratio is increased by one. This implies that long plates hinged along
their longitudinal edges buckle approximately into squares.
C. Post-Buckling Strength of Compression Elements
When compression elements are designed against local buckling,
it is desirable to use as much of their strength as possible for
better economy. Because stiffened plates show a large amount of
strength in the post-buckling range, they are usually allowed to pass
13
the initial buckling state for prediction of the ultimate strength.
It means that they may have a lateral deflected shape as shown in
Figure 6. This added strength is due to the membrane stresses
developed in the transverse direction. They act as hoop stresses
restraining the lateral displacement caused by the longitudinal load.
Unlike stiffened compression elements, the design of unstiffened
compression elements is presently based on the initial buckling load
except for elements having large width-thickness ratios. There are
indications that in the future~ the design of unstiffened compression
elements will also be based on their post buckling strength (40).
To analyze the plate in this post-buckling range and to take into
account these membrane stresses~ von Karman developed "large deflec-
tion" equations in 1910 (24). Even though a stiffened element may
have some rotational restraint, a simply supported condition was
used for simplicity. The simplification gives a conservative result.
The basic assumptions used in the analysis were: a) deflections
are large relative to the plate thickness, b) membrane strains are
present during bending~ c) plane sections rotating during bending
remain normal to the neutral surface and do not distort, d) resis-
tance by the bending moments is dominant and shearing forces are
neglected~ and e) the plate thickness is small relative to other
dimensions.
In this analysis, the x, y, and z axes and u, v, W displacements
correspond to the longitudinal, transverse, and normal directions
originating from a point on the middle surface of the plate. This
is illustrated in Figure 7. The resultant lateral deflection in









sin m7fX sin n1Ty
a w
(2.29)
where W the resultant deflection in the z direction at
coordinates (x,y)
a = the amplitude of the sine wavemn
m = the number of half sine waves in the x direction
n the number of half sine waves in the y direction
a = the length of the plate
w the width of the plate
The summation signs denote the different buckling wave patterns the
plate could take. Theoretically an infinite number of patterns are
possible as shown in Figure 8. But only the first several patterns
are critical and need to be considered as will be shown later.
The strains in the middle surface of the plate can be expressed
as:
E dU + .!. (aw) 2
x dX 2 dX
E =
dV + 1 (aw) 2
y dy 2 ay




Differentiating and combining the above strain expressions and sub-





= E[(~)2 (~)(d W)]OXdY dX2 dy2
E = modulus of elasticity
l.l = Poisson's ratio
(2.33)
Using the differential equation describing the deflection surface
originally derived by Saint Venant in 1883 (23),
(2.34)
The above equation is the same as Equation 2.1.










Together with the boundary conditions, Equations 2.38 and 2.39 form the
basic simultaneous equations governing the elastic behavior of the
plate.
Since the basic equations are fourth order and non-linear, the
solution is difficult. For this reason early studies used an approxi-
mate method, usually an energy solution. Researchers carrying out such
studies were Schnadel (25), Cox (26), Timoshenko (21), and Marguerre
(27). A deflection surface was assumed and the strain energy due to
bending and membrane action was evaluated.
Samuel Levy (28) was the first to present a rigorous solution
of von Karman's "large deflection" equations in 1942. He considered
the case of simply supported rectangular flat plates under combined
edge compression and lateral loading. His results compared favorably
with previous researchers. Levy also studied the convergence of
the solution as the number of the assumed deflection configurations
increased. It was found that the use of the first three deflection
configurations in the double harmonic deflection series was sufficient
in arriving at an accurate solution.
In 1932, an important paper by von Karman, Sechler, and Donnell
was published (29). An approximate analytical method was used to
arrive at the ultimate strength of a thin plate. In this study, the
17
authors used the concept of "effective width" to describe the buckling
model. The "effective width" concept refers to a method whereby in-
stead of using the full section of the compression element with a
varying stress distribution, a reduced section is used with a constant
stress. It was found that
where 7TC = -----
(2.40)
In this method, the effective width combined with a constant stress
was to replace the "non-uniform" stress distribution after exceeding
the initial buckling load. The effective width may be considered as
a particular width of the plate which just buckles when the compressive
stress reaches the yield point of the material, i.e.
KTf2E (2.41)(J = cr =
cr y 12(1_~2)(~)2
where cr = critical buckling stresscr
E = modulus of elasticity
1.1 = Poisson's ratio
t = thickness of the plate
w = flat width of the plate
K buckling coefficient
By using K = 4.0 t ~ = 0.3, and b = w for a stiffened plate, Equation





Ge~rge Winter has performed extensive tests for the compression
strength of thin plates at Cornell University. Since 1947, Winter has
reported on the local buckling characteristics of both stiffened and
unstiffened compression elements (15,16,17). His test data was compared
with previous researcher's work. It was found that for cold-formed
steel members, the constant of 1.90 used in Equation 2.42 should be
modified as follows:
1.90(1 - 0.475 IElf )
wit max
Consequently, the resulting equation for computing the effective







As can be seen, Winter's formula for the effective width is similar





After twenty years of successful use of Equation 2.43, it was
found that Winter's formula was slightly conservative. Based on
the experience gained in the design of cold-formed steel members,
Equation 2.43 was modified in 1968. The basic equation for the AISI
Specification now reads:







As discussed in Winter's Commentary on the Specification (11), the
modification brought as much as 10% increase in effective width.
D. Initially Curved Compression Elements
In 1938, Marguerre presented a paper (30) which extended von
Karman's "large deflection" equations to include the effect of initial
deviation from flatness. Marguerre instituted the type of curvature
as shown in Figure 1, where the longitudinal curvature is dominant.
The initial deflection surface was considered to be a double half
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(2.45)
where w = the initial deflection in the z direction at
o
coordinates (x,y)












This development finally made it possible to study the effect of
initial deviations on plate bending with an exact method.
In' 1946, Hu, Lundquist, and Batdorf published a paper (31) using
Levy's solution of von Karman's "large deflection" equations to study
the effect of initial curvature on buckling of plates. In this
study, Marguerre's modification of von Karman's equations was used.
This was the first paper concerning the effect of initial curvature
on buckling and post-buckling of plates known to the author. The
simply supported square plate under uniaxial compression was studied
for different degrees of, intial curvature.
As shown in Figure 1, the degrees of initial deviation from
flatness are defined by the amplitude of the sine wave as a fraction
of the thickness (t) of the plate. Initial deviations of 0.04 t
and 0.1 t were studied by JIu, et ale The most important finding
was the effect of the initial deviation on the effective width of







where b the effective width
21
w = the actual width
a the average edge compression in the x-direction
a
a = the critical stress of the flat plate
crx
£ = the unit plate shortening in the x-direction
a
£ the critical strain in the x-direction for a flat platecrx
subjected to compression stress in the x-direction
It was found that the intial curvature lowered the buckling and
post-buckling stress of the plate. The maximum decrease in strength
was found around the initial buckling stress.
J.M. Coan in 1951 also extended Levy's solution of von Karman's
"large deflection" equations to include initial deviation (32). An
initial deviation of 0.1 t was studied on a simply supported rectan-
gular plate. As in the work of Hu, et al., several load-deflection
curves were presented as a result of the study (31).
N. Yamaki published a paper in 1959 (33), which extended the
work of Levy and Coan by including more boundary conditions. Load-
deflection curves are presented for both flat plates and an initial
deviation of 0.1 t. Yamaki also increased the number of deflection
configurations from three in Coan's solution to four, which is
considered to be more accurate.
More recently, in 1969 Abde1-Sayed presented an approximate
theoretical approach for the simply supported square plate (34).
The longitudinal edges are restrained to remain straight or are free
to move in the plane of the plate. A flat plate was considered
22
firstt followed by an initially' curved plate. The effect of initial
curvature on the effective width was also examined. Results obtained
by Abdel-Sayed qualitatively agree with those of 1m, et a1 and Coan,
previously mentioned. The solution basically only considered the
first deflection configuration in von Karman's "large deflection"
equations.
In 1971, T.Y. Yang published a paper (35) presenting an approxi-
mate solution for the stiffened element. He developed a computer
program to solve stability problems by utilizing the finite element
method. In his paper t he also presented load-deflection curves for
various initial deviations (0 It = O.Ot 0.05,0.1, and 0.5). The
o
results were compared favorably with the values of Hu, et a1. As far
as the stiffened plate is concerned, Yang's results only gave an
indication of the effect of initial curvature on post-buckling
strength because it can only be used up to the initial buckling
stress.
In 1972, Dawson and Walker used the same type of approach as
done by Abde1-Sayed to consider the effect of initial curvature (36).
The first three deflection configurations in von Karman's equations
were used instead of the one used in Abde1-Sayed's paper. This paper
presents examples that were solved by Coan, Yamaki, and Abdel-Sayed.
Good agreements have been obtained between experimental results and the
analytical results for initial deviations of 0.0 t and 0.1 t.
The review of literature presented above deals mainly with the
type of compression element for which longitudinal curvature is
dominant. Because this type of imperfection causes a reduction in
23
buckling stress and post-buckling strength, it is of great importance
for structural design. On the other hand, transverse curvature, as
shown in Figure 2 tends to increase the buckling stress and post-
buckling strength (37,41), and is therefore relatively unimportant
for the instability problems in this investigation.
In '1965, Bruhn published a book containing a study of the effect
of transverse curvature on the stiffness of a stiffened plate (37).
He used the small deflection linear theory to find the buckling stress
of the curved panels from a range of zero curvature to r/t = 3,000.
His analytical results are shown in Figure 9, in which the buckling
coefficient k was plotted versus de non-dimensional parameter z as
defined below.
In the above, r = the radius of curvature in the transverse direction
L = length of the curved panel
It can be seen that the critical buckling stress increases as the
curvature of the panel increases.
It has been indicated by Bruhn that his analytical results have
compared favorably with the experimental results. For design purposes,
the reduced values of k have been recommended for large ratios of r/t
as shown in Figure 9.
As discussed above, a considerable amount of work has been done
on the stability of initially curved stiffened compression elements.
However, little or no analytical study has been published, to the
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author's knowledge, for the effect of initial curvature on the
stability of unstiffened elements. It appears that the lack of
information on the unstiffened elements was mainly due to the
difficulty in solving the extremely complex equations that govern
the buckling behavior. For this reason, an approximate method seems
to be desirable.
During the past, some researchers have made general statements
regarding the effect of initial curvature on unstiffened plates.
For example, Cox has indicated in his report (26) that a reduction
of the buckling stress should be expected. This stress reduction
would be most pronounced around the theoretical buckling stress of
the plate. It is the same effect that initial curvature has on
stiffened plates. This stress reduction is considered to be more
~portant f~r unstiffened elements because the load-carrying capacity
of the unstiffened elements is usually dependent on the buckling
stress of the element, while stiffened plates are often based on
the post-buckling strength.
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III. STIFFENED COMPRESSION ELEMENTS
A. Statement of Problem
As discussed in Chapter II, the stiffened compression elements
wi,ll not necessarily fail when the buckling stress is reached. An
additional load can be carried by the element after buckling by means
of redistribution of stress. Based on the post-buckling strength of
the plate, the effective design width method has been used in the AISI
design Specification since 1946. Beginning in 1969, the AISC Specifi-
cation also included design provisions on effective width design for
slender compression elements.
During the past, several researchers have investigated the effect
of the initial curvature on the effective width of stiffened elements
for the ratios of 0 It from 0.04 t to 0.3 t (31-35). In this study, it
o
was intended to compare various methods used for determining the effec-
tive width and to further investigate the influence of the initial
deviation from flatness on the effective design width for 0 It ratios
o
up to 1.0 t by using Abdel-Sayed's method.
B. Method of Solution
For computation of the effective design width, two solutions
have been developed by Abdel-Sayed depending on the assumed dominant
stress (34). Figure 10 shows the plate geometry with respect to the
local coordinates used by Abdel-Sayed. Unlike the coordinates used
in Figure 3, in Figure 10 the origin was chosen to be located at the
centroid of the plate and the compression stress is applied in the y
direction. It was assumed that the deflection surface conforms to
a cosine function; i.e.
ltJ = e cos 1Tx cos .2!I.
w a
where e is the amplitude of the cosine wave.
The boundary conditions are as follows:




w = M = 0. and at y = ± a/2, w = M = 0
x y
2) Because each plate has approximately the same distribution of
stresses, at y = ± a/2, v = constant
3) Because the longitudinal edges are allowed to move freely
in the plane, at x = ± w/2, N = O.
x
In Reference 34, Abdel-Sayed found that the stress function (F)
expressed in Equation 3.2 satisfies the above three boundary conditions,
i. e.
+ Et (e2 + 2 )(M cosh 21TX + N 21TX sinh 21TX) cos 1:!!Y32 eeO a a a a
where
- h ~Sl.n -
N = _ (!!.) 2 a
w 7fW + cosh iTW sinh TrW
a a a
TrW cosh TrW + sinh 7iW
a a a
1TW+ h7T¥l -hTI'W
- cos - S1n -
a a a
N = average loading per unit width of plate
a
e = the net deflection in the z direction




By substituting the above stress function in Equations 2.38 and 2.39,
the maximum loading per unit length at x = ± w/2 and y = 0 was found
to be
(3.3)
where (n ) = the maximum loading per unit length in the yy max
direction
N = the critical buckling load per unit width determined
cr
The average loading per unit length acting in the y direction was found
to be
(3.4)
Depending on the stress assumed to be dominant, the effective width to













If the deformation along the x = w/2 is considered to be governing,
then b/w = N /(0) . Then
a y max
b 1 N+ 2.93 cr e (3.6)-=--[1 (ny)max (e+e )]w 3.93 0
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The procedure used to solve the b/w ratio was discussed by Abdel-
Sayed in Reference 34. First, the material properties (E,~) and the
degree uf initial deviation from flatness (k
o
= 6Jt) for the case study
are defined. The net deflection can then be calculated for a given load





_ a 2 + il3 (8 -8 )
z2 = - - (5 +2 1 3 212
1 a2 i/3
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- 2 (51 + 82) - - - - (8 -8 )3 3 212
where z = eft
a2 = 3 e
81 = [r + (q3 +
r 2)1/2J1/3





In the above expressions,
a = 26 2 + (k-l)¢'1
and e = e Ito
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2-3.92/(l-~ )
The largest positive real value of the deflection should be chosen
as the most critical condition. Once the net deflecti~n. z, is found
for a given load level. the values of (n) and n can be found from
, y max y
Equations 3.3 and 3.4. respectively. Depending on the assumed dominant
stress. Equation 3.5 or 3.6 can be used to calculate the b/w ratio. By
increasing the load level, k, a full range of values of the effective
width can be calculated.
c. Presentation of Results
This study considered a square plate with four simply supported
edges. A modulus of elasticity of 29,500 ksi and Poisson's ratio
of 0.3 were used in the numerical calculation. The degrees of initial
deviation from flatness of 0.04 t, 0.1 t, 0.2 t, 0.3 t. 0.5 t, 0.7 t,
and 1.0 t were investigated. Both Equations 3.5 and 3.6 were used to
find the b/w ratio. Figure 11 shows the maximum lateral deflection
plotted versus average edge compression based on Equation 3.5. As ex-
pected, the initial curvature reduced the buckling stress with its
greatest effect at the initial buckling load. A comparison of these
results and other researchers' work shows remarkable resemblance.
Figure 12 is reproduced from a paper published by Yang (35). In this
figure, Yang's finite element results are presented as dashed curves,
the results of Hu, ~ a1 are indicated as solid lines. It can be
seen that the results shown in Figure 11 are remarkably agreeable with
those in Figure 12. Note that for k = 0.04, when the edge compressive
o
load reaches 90% of the bifurcation load for a flat plate, Figure 11
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gives approximately 0.3 in/in for (0-0 )/t while Figure 12 gives
o
approximately 2.5 in/in. This comparison would indicate the validity
of Abdel-Sayed's solution for the net center deflection. Particular
notice should be made to the decreasing effect of initial imperfection
as the ratio of 0 It increases. At k = 1.0, the load-deflective
o 0
relationship is almost linear in the initial buckling range.
Using Equations 3.5 and 3.6, the effective widths of initially
curved stiffened elements were calculated for the general range of wIt
from 33 to 202. The results are tabulated in Table I. As expected,
the effective width decreases as the initial deviation increases for
certain given values of wIt ratios.
The results obtained from Equations 3.5 and 3.6 are plotted in
Figure 13 and 14, respectively. Although they show the same general
trends, the results obtained from Equations 3.5 and 3.6 for the
effective design widths vary quantitatively to a great extent. The
differences are found mainly in the lower ranges of If ,If It maycr max·
be explained by the shortcomings of the two assumptions used in the
solutions.
For the purpose of comparison, von Karman's effective width
formula (29), the modified Winter Formula (11), and the work of Hu,
et al (31) are also shown in Figures 13 and 14. All studies indicate
the same trend concerning the effect of initial curvature on the
effective width of stiffened plates.
For Abdel-Sayed's two solutions, Equation 3.5 seems to agree favor-
ably with' the previous work in this area. However, as noted by Dawson
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and Walker (36), Equation 3.5 gives an error of 5% for flat plates at
f = 5 f ,or If If = 0.448; and 12% at f = 9 f t or
max cr cr max max cr
If If = 0.342. Dawson and Walker also pointed out that the
cr max
percentage error can be neglected when If If exceeds 1.0.
cr max
From Figures 13 and 14, it can be seen that Equation 3.6 yields
a much smaller effective width than Equation 3.5. In view of the fact
that the work of Hu, et al has been considered to be the most accurate
method, and that Equation 3.5 can provide results close to those of
Hu, ~ aI, Equation 3.5 may be considered as a better approximation
for the actual case. The difference between Equations 3.5 and 3.6
can be attributed to the difference in deflection configurations
assumed in the investigation.
A comparison of Figures 13 and 14 indicates that Winter's
Formula tends to follow the solution by Equation 3.6. It allows for
a larger initial curvature as the wit increases. This observation
is very important in considering the effects of initial curvature
on the design of members cold-formed from thick sheets and plates.
Figures 15 and 16 show the correlation of the analytical and
experimental results. These results are based on the studies conducted
by Winter (15-17), Johnson and Winter (18), Sechler (16), Dwight and
Ractliffe (36), and Wang and Errera (20). It can be seen that the
experimental results generally agree with the formulas of von Karman
and George Winter. It should be noted that Sechler's tests were
carried out on disjointed single sheets, not on structural shapes.
For this case, the imperfect edge conditions account for many low
values in his tests (40).
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IV. UNSTIFFENED COMPRESSION ELEMENTS
A. Statement of Problem
As mentioned previously, the study of initially curved plates is
a very complex problem. Since an exact solution would be extremely
difficult, an approximate solution seems to be dictated. One of the
msot powerful approximate methods is the finite element technique,
developed within the past ten to fifteen years. This type of mathe-
matical idealization readily lends itself to a computer solution.
This allows for less chance of mistakes and is quicker than the
exact hand solutions. By ihcreasing the number of elements, the de-
sired accuracy can be obtained.
The unstiffened compression element is modeled as a rectangular
plate simply supported on its loading edges and one longitudinal
side. The other longitudinal side is a free edge. Figure 17 shows
the idealized case. The plate considered is in uniaxial compression.
Timoshenko (21) uses a buckled shape which is described by the
equation included in the literature review. Figure 18 illustrates
the deflected shape assumed by Timoshenko. Both transverse and
longitudinal curvatures exist in the buckled configuration. As was
seen for stiffened elements, the transverse curvature as shown in
Figure 2 tends to increase the buckling load; the longitudinal curva-
ture as shown in Figure 1 tends to decrease the buckling load. For
this reason, the intially curved plate was modeled for the longitudinal
curvature only, without the consideration of the small amount of trans-
verse curvature. This assumption should result in the minimum buckling
33
load, thus being conservative.
The deflected shape thus takes the form
w f(y) m1TXsin
a
where a= A(- - y)2
a = the length of the plate
A = a constant, depending on the maximum deflection of
the plate (at x = 0, y = w)
A rectangular mesh consisting of thirty-two elements was generated
for the plate. The uniform compression load was modeled as concentrated
loads at the nodal points. The size of the generated mesh is dependent
upon the accuracy required, with due consideration given to allowable
computer time. For this study, the 4 x 8 mesh gave sufficiently
accurate results. Since the geometry and loadings of the plate were
symmetrical about the y-axis only half the plate was needed for
analysis, if the required boundary constraints are applied along
the center1ines. Figure 19 shows the generated mesh for 16 elements.
The boundary conditions used in this finite element analysis were
the same as those indicated by Timoshenko. Figure 20 illustrates the
following symbols for rotations:
8x = rotation in the y-z plane about the x-axis
8y = rotation in the x-z plane about the y-axis
8z = rotation in the x-y plane about the z-axis
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For this case the transverse edge follows the following boundary
conditions:
w ot ey 0, 0z o
The boundary conditions along the pinned longitudinal support are:
u=O, w=0, 8
x
=0, and 8z=O. The boundary conditions along the centerline
assuring continuity are:
u = 0, e = 0, v = °x
The longitudinal edge support does not restri~t movement in the y-
direction, but restrains buckling along this edge.
To develop a finite element program to solve this problem was
considered to be too complex and beyond the scope of this study.
Several available programs can be used to solve the buckling problem
for this type of initially curved plate. A finite element program,
NASTRAN, was used in this investigation. The following discussion
describes the capabilities and liabilities of the NASTRAN program.
B. Method of Solution
NASTRAN is a multipurpose structural analysis computer program
developed initially by NASA and modified by the Advanced Analytical
Technology Department, at Ford Motor Company. Two major portions of
the program, RIGID FORMAT #4 and #5, were utilized (38,39). Both
formats were developed to assist the design of automotive components
and sistems.
RIGID FORMAT #5 is used to determine critical buckling loads and
cooresponding mode shapes of structural components. These components
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when compressed axially with loads below the critical value remain
straight in stable equilibrium. Under stable equilibrium. a small
disturbance will cause small displacements. After removal of the
load, the structure will return to its original state. When the com-
pressive axial load exceeds a limiting value, it becomes unstable. Any
lateral disturbance will cause large deflection and the structure will
not return to its previous state, upon removal of the disturbance.
The structure may be in unstable equilibrium with discrete values of
axial load. The critical load is the smallest of these loads. These
different loads occur at the different buckled mode shapes of the
structure. RIGID FORMAT #5 performs an eigenvalue analysis to find
these unstable mode shapes. The critical load is dependent on the
material, geometry of the structure. and support conditions.
The major liability with RIGID FORMAT #5, as already hinted at,
is its restriction to perfectly straight beams or flat plates.
Lateral forces, moments, or eccentricities cannot be handled. If the
resulting buckling load from RIGID FORMAT #5 is less than the applied
load, the result is valid. If the resulting buckling load is larger
than the applied load, buckling may not have occurred. The effect of
deflections may become important in the buckling strength of the
system. Just as membrane stresses increase the buckline strength, a
non-linear stiffness matrix could result, depending on deflections.
In the case analysis by the Differential Stiffness Approach, RIGID
FORMAT #4 is required.
When the structure to be analyzed already has a lateral deflected
shape, the RIGID FORMAT #5 will not give accurate results. These
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lateral deflections may be the result of existing lateral forces or
initial curvature. An incremental stiffness, referred to as
"differential stiffness" is needed to express the difference in
lateral stiffness due to the large lateral deformations already in
existance. This initial deflection will cause the p-~ effect to
become noticeable and reduce the buckling load of the structure.
Because the structure already has initial lateral deflections
as the compressive load is applied, further lateral deflections
take place. When the compressive load is increased, the lateral
deflection increases more rapidly because the p-~ effect progressively
affect the shape of the structure. Thus, instead of staying in the
original shape until unstable equilibrium is reached as in the case
of the flat members, the lateral deflection of the structure gradually
increases until an overwhellning increase in lateral deflection is
caused by a very little increase in load. When this state occurs,
by definition, the buckling load is said to have been reached.
RIGID FORMAT #4 uses a Differential Stiffness Approach to arrive
at the buckling load for initially curved members, eccentric loadings,
or combination lateral and compressive loadings. A series of load
levels are run with the deflections as output. By plotting the
load-deflection curves the buckling load can be found.
RIGID FORMAT #4 has a program limitation that a lateral deflected
shape has to exist. As stated before, this can result from various
conditions. Thus, RIGID FORMAT #5 was used to handle the flat plate
cases using the eigenvalue analysis to predict the buckling load.
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RIGID FORMAT #4 was used to analyze the initially curved plates, using
load-deflection curves to predict the buckling load.
c. Presentation of Results
As stated previously, different degrees of initial deviation from
flatness were studied in this investigation. Because this study is
mostly concerned with thin-walled material, a wit ratio of 30 was
used. By using this selected ratio of wit, the buckling stress of
the plate was obtained before stresses reached the plastic range.
Dimensions of the plate and the generated mesh are shown in Figure 19.
The modulus of elasticity was taken as 29,500 ksi and Poisson's ratio








= A (- - y)
o 2
For this study, initial deviations (0 It) of 0.0, 0.1, 0.2, 0.3,
o
0.5 were considered for 1ength-to-width ratios (a/w) of 2 and 4. The
coordinates of the nodal points conform to Equation 4.1, as given in
Table II. Table III contains the z-coordinates for the initially
curved plate used for a/w = 2 and 4.
RIGID FORMAT #5 was used for the two flat cases. Resultant
eigenvalues are presented in Table IV for the given load level of
14,800 pounds. The buckling load is defined as the applied load
multiplied by the critical eigenvalue (i.e. the smallest). For a
flat plate with alw = 2, the resultant buckling load was 24,600 pounds.
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Timoshenko (21) gave a value of 24,789.65 pounds for the theoretical
buckling load. The finite element result is only 0.6% smaller than the
theoretical load. For a plate with a/w = 4 the resultant buckling load
was 17,519.92 pounds. Timoshenko gave a value of 18,325.82 pounds.
In this case, the finite element result is only 4.39% smaller than
the theoretical value. These values are well within the allowable
accuracy for this study.
NASTRAN RIGID FORMAT #4 allows for input of loads on the structure
with optional load factors. The initially curved plates were run with
a load base of 4000 pounds with various load factors to cover the
desired range of deflection. Results obtained from the RIGID FORMAT
#4 for eight different cases are presented in Tables V and VI. The
applied load was obtained by multiplying the load base by the load
factor. The load deflection curves are shown in Figure 21 for the re-
sults of six cases studied for a/w = 2 and 4.
The top-of-the-knee method as described in Reference 31 was used
to define the buckling load of the initially curved elements. The
buckling load is defined as the transition stage from low to high rate
of increase in lateral deflection with load. As can readily be seen,
this type of approach depends greatly on the personal judgement of the
one evaluating the results.
Figure 21 shows the critical buckling loads determined by the
author. With the small amount of curvature that exists in these
results, a different level may be chosen by others. Table VII presents
the selected buckling load for each case.
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As seen previously for the stiffened plates, the unstiffened
plates show a decrease in buckling load as the degree of initial
curvature increases. The most influential point is around the buck-
ling load. As the load exceeds the critical buckling load, the initial
deviation has less effect.
It should also be noted that for the same 0 It ratio, the buckling
o
stress of the unstiffened element reduces more percentage-wise than
that for the stiffened element. This is possibly due to the difference
in magnitude of the buckling stress for the different types of flat
plates. Because the membrane stress tends to contribute less to the
structural integrity of the unstiffened element, this type of element
is affected more by the initial curvature as compared with the
stiffened elements.
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v. CONCLUSIONS AND RECOMMENDATIONS
A. Comparison of Results
A comprehensive study of the effect of initial deviation from
flatness on the effective design width of stiffened elements and on
the buckling stress for unstiffened elements was presented. For both
stiffened and unstiffened elements, considerations were given to the
initial deviations of 0 It = 0, 0.1, 0.2, 0.3, 0.5, 0.7, and 1.0.
o
Previous research work and the further study carried out in this
investigation indicated that initial deviations tend to decrease the
buckling stress and post-buckling strength of the structural components.
The most noticeable influence on initial deviation was found to be
around the above or below this load level.
B. Impact on Design Criteria
Two observations in particular have been noted by the author.
First is the question of correlating the presented results to actual
initial deviations from flatness found in standard cold-forming
practices. As stated previously, to obtain the practical tolerances
for this type of product is difficult. One indication of such
tolerances for this type of structural members might be found in the
ASTM Specifications for production of plate, sheet, and strip steel.
In general, the initial deviation to thickness ratio (0 It) tends to
o
decrease as the base metal thickness increases.
The second observation is that this initial deviation from flat-
ness may have more bearing on design requirements for unstiffened
plates than for stiffened plates. This is because the unstiffened plates
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are usually designed for the initial buckling stress, for which the
effect of initial deviation on the reduction of buckling load is more
pronounced. For stiffened compression element, the effect of the
initial deviation on the load-carrying capacity of the element is based
on the effective width determined for the initially curved plate.
c. Recommendations
The correlation of the base metal thickness with initial devia-
tions from flatness would provide enough information to determine whether
the present design requirements are adequate or too conservative for
the thicker base metals. In view of the fact that thick sheets and
plates usually have small 0 It ratios as compared with thin sheets,
o
the present AISI design formulas for determining the effective design
width of stiffened elements and the allowable stress for unstiffened
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lateral deflection of a plate
initial lateral deflection of a plate
the unit plate shortening in the x-direction
the critical strain in the x-direction for a flat plate
subjected to a compressive stress in the x-direction
unit strains in x, y, and z directions
rotation about the x, y, and z axes
Poisson's Ratio
the average edge compression in the x-direction
critical buckling stress
the critical stress of the flat plate
unit normal stresses on planes perpendicular to the
x, y, and z axes
unit shear stresses on planes perpendicular to the x, y,
and z axes and parallel to the Yt z, and x axes
¢ the aspect ratio of the plate a/wand a constant
w the lateral deflection of the plate, deflection in the
z direction
w the initial deflection in the z direction
o
49
WOmn the amplitude of a trigonometric function defining the
initial lateral deflection of a plate
a the length of the plate
~ the amplitude of a trigonometric function
B constant





D the plate flexural rigidity, Et3/l2(l-~2)
Dx,Dy,D Z the first derivative with respect to x, y, z
e the net deflection in the z-direction
eo the initial deflection in the z-direction
E Modulus of Elasticity







MX'MY,Mz moments about the x, y, and z axes








average loading per unit length in x - y plane
the critical buckling load
the average loading per unit length in the y-direction















a uniform load applied to the plate
2




constant,'! p -~ ----2
ep








Table I(A) Effective Widths for Initially Curved
Stiffened Elements (Equation 3.5)
If<5 It wit bit If
0 cr max


















0.2 38.7 37.3 2.158
55.7 52.8 1.499
70.6 64.4 1.183















Table I(A) Effective Widths for Initially Curved
Stiffened Elements (Equation 3.5) (Continued)
<S It wit bIt If If .
0 cr max




























Table reB) Effective Widths for Initially Curved
Stiffened Elements (Equation 3.6)
o It wIt bIt Ifcr/fmax0




































Table I(B) Effective Widths for Initially Curved
Stiffened Elements (Equation 3.6) (Continued)
If<5 It wIt bIt cr/fmax0





























Table II. Coordinates of Flat Unstiffened Element**
Nodal X Y InitialCoordinatePoint
a/w=2 a/w=4 Coordinate Deflection*
1 o. o. o. 0.0
2 1.5 3.0 o. 0.0
3 3.0 6.0 o. 0.0
4 4.5 9.0 o. 0.0
5 6.0 12.0 o. 0.0
6 O. 0.0 1.5 .25 A
7 1.5 3.0 1.5 .23099 Ao
8 3.0 6.0 1.5 .17678 Ao
9 4.5 9.0 1.5 .09567 Ao
10 6.0 12.0 1.5 0.0
11 o. 0.0 3.0 .50 Ao
12 1.5 3.0 3.0 .46194 Ao
13 3.0 6.0 3.0 .35356 Ao
14 4.5 9.0 3.0 .19134 Ao
15 6.0 12.0 3.0 0.0
16 o. 0.0 4.5 .75 Ao
17 1.5 3.0 4.5 .69291 Ao
18 3.0 6.0 4.5 .53033 Ao
19 4.5 9.0 4.5 .28701 Ao
20 6.0 12.0 4.5 0.0
21 o. 0.0 6.0 1.0 Ao
22 1.5 3.0 6.0 .92388 Ao
23 3.0 6.0 6.0 .70711 Ao
24 4.5 9.0 6.0 .38268 Ao
25 6.0 12.0 6.0 0.0
*Initial deflection, W t is the coefficient x Ao . Refer to Fig. 19
**A11 dimensions in incges.
Table III. Z-Coordinates of Initially Curved
Elements (a/w = 2 and 4)*
k
Nodal (I 0
0.1 0.2 0.3 0.4 0.5
1 0.0 0.0 0.0 0.0 0.0
2 0.0 0.0 0.0 0.0 0.0
3 0.0 0.0 0.0 0.0 0.0
4 0.0 0.0 0.0 0.0 0.0
5 0.0 0.0 0.0 0.0 0.0
6 0.0050 .0100 .0150 .0200 .0250
7 0.0046 .0092 .0138 .0184 .0231
8 0.0035 .0070 .0106 .0141 .0176
9 0.0019 .0038 .0057 .0076 .0956
10 0.0 0.0 0.0 0.0 0.0
11 0.0100 .0200 .0300 .0400 .0500
12 0.0092 .0184 .0276 .0368 .0460
13 0.0070 .0141 .0212 .0282 .0352
14 0.0038 .0076 .0114 .0152 .0191
15 0.0 0.0 0.0 0.0 0.0
16 0.150 .0300 .0450 .0600 .0750
17 0.136 .0277 .0416 .0543 .0693
18 0.106 .0212 .0318 .0424 .0530
19 0.0057 .0115 .0172 .0230 .0287
20 0.0 0.0 0.0 0.0 0.0
21 0.02 .0400 .0600 .0800 .1000
22 0.0185 .0370 .0554 .0739 .0984
23 0.0141 .0283 .0424 .0566 .0707
24 0.0076 .0153 .0229 .0306 .0383
25 0.0 0.0 0.0 0.0 0.0
*A11 dimensions in inches.
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Table IV. Eigenvalues for Flat Compression
Elements
Load Level Buckling
a/w Eigenvalue (lbs. ) Level(lbs. )
2 1.664900 14,800 24,600
4 1.183779 14,800 17,550
58
Table V. Lateral Deflections for Unstiffened
Elements (a/w = 2.0)
Load Load Center Deflection (in. )
Factor* (lbs.) ko=O.l ko=0.2 ko=0.3 ko=O.S
2.0 8,000 0.0093 0.0186 0.074 0.0437
4.0 16,000 0.058 0.0704 0.1023 0.1551
5.0 20,000 0.0827 0.1598 0.2257 0.3179
5.2 20,800 0.2771
5.4 21,600 0.3513







*Load base is 4,000 Ibs.
59
Table VI. Lateral Deflections for Unstiffened
Elements (a/w = 4.0)
Load Load Center Deflection (in. )
Factor* (lbs.) k =0.1 ko=O.2 ko=O.3 ko=O.S0
2.0 8,000 0.0163 0.0325 0.0480 0.0760
3.0 12,000 0.0421 0.0830 0.1208 0.1939
4.0 16,000 0.2001 0.3745 0.5049' 0.6374
*Load base is 4,000 Ibs.
60




















Figure 1. Longitudinal Initial Curvature













































































Figure 5. Buckling Coefficient for Flat
Stiffened Elements






















Figure 7. Local Coordinate System
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Figure 9. Buckling Coefficients for Transversely Curved Plates
























































Wo =Wo SIN~ SIN!J
h =THICKNESS


















Winter's Fonnula(1968 AISI Specification)
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Figure 13. Effect of Initial Deviation from Flatness on
Effective Design Width - Equation 3.5
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Figure 14. Effect of Initial Deviation from Flatness on
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Figure 19. Mesh Generation for Finite
Element Analysis
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Figure 21. Load-Deflection Curves for Initially Curved Unstiffened Element
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